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Abstract
In this paper, we consider a discrete-time non-preemptive priority queueing model with priority
jumps. Two classes, real-time (high priority) and non-real time (low priority), of traffic will be
considered with providing jumps from lower priority traffic to the queue of high priority traffic.
We derive expressions for the joint probability generating function of the system contents of the
high and the low priority traffic in the steady state and also for some performance measures such
as the mean value of the system contents and the packet delay. The behavior of the priority
queues with priority jumps will be illustrated by using these results and is compared to the FIFO
scheme.

Keywords: Discrete-time queueing theory; priority scheduling; generating functions; delay
analysis

MSC 2010 No.: 90B22, 90B18, 68M20, 93A30
1. Introduction
In modern communication networks the different types of traffic require different QoS (Quality
of Service) standards. In these networks we always deal with two types of traffic namely delaysensitive traffic (i.e., voice and video) and delay-insensitive traffic (i.e., data). Since response
time or delay is a crucial performance measure for delay-sensitive applications, time delays in
priority queues have been studied extensively in recent years. Due to the sensitivity of the delaysensitive traffic, it is a basic requirement for designing and constructing an efficient
communication network with a very small mean delay and delay jitter. While the values of the
important performance measures of the delay-insensitive traffic, namely loss ratio and
1
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throughput should also be small. Priority scheduling scheme is an important way by which we
can achieve these requirements.
A lot of literature is available in the field of analysis of single class discrete time queueing
system (see, for instance, Bruneel (1993); Cidon and Sidi (1997); Chaudhry and Gupta (2001);
Steyaert and Xiong (1996), Haghighi et al. (2011) and the references therein) while the research
work in this field of the analysis of two-class discrete queues have begun to proliferate only in
recent years. Two-class discrete-time systems with service time assumed deterministically (1
slot) have been analyzed in Ishizaki and Takine (1995) and Lee and Choi (2001). Also, systems
with non-preemptive priority and general service times with nonhomogeneous packet arrivals
have been studied in Nassar and Al Mahdy (2003) and Takahashi et al. (1999). In a HOL nonpreemptive priority scheduling, we assume that delay-sensitive traffic has priority over delayinsensitive traffic without preemption i.e., when a server becomes idle, a packet of delaysensitive traffic, when available, will always be scheduled next but the service of a delayinsensitive packet which has already in service cannot be interrupted by a freshly arriving delaysensitive packet. This priority scheduling scheme is not only very easy to implement but also
provides relatively low delays for the delay sensitive traffic [see, for instance, Kleinrock (1975);
Walraevens et al. (2003) and the references therein].
In the existing literature, there have been a number of contributions with respect to this priority
scheme. The HOL non-preemptive priority queues have been widely discussed taking a variety
of arrival and service time distributions in past [see, for instance, Rubin and Tsai (1989);
Sugahara et al. (1995); Takine et al. (1994) and the references therein]. As a result priority given
to the class-1 traffic the performance of class-2 traffic can be severely degraded. If the network is
highly loaded and has a large proportion of the class-1 traffic, the HOL priority scheduling
causes a large delay to the class-2 traffic. This condition known as the starvation problem can be
solved with the help of dynamic priority schemes. The queue-length-threshold scheduling
disciplines (QLT) is the one class which is studied in Choi and Lee (2001), Fratini (1990),
Knessl et al. (2002) while the head-of-line with priority jumps (HOL-PJ) is the another class of
dynamic priority scheme analyzed in Lim and Kobza (1990).
In this paper, we will consider a head-of-line priority scheme with priority jumps (HOL-PJ) in
which class-2, i.e., delay-insensitive packets (at the HOL position) jump to (the end of) the class1, i.e., delay-sensitive traffic queue. In literature, many jumping schemes with different criteria
are discussed (see, for instance, Lim and Kobza (1990); Maertens et al. (2006a); Maertens et al.
(2006b); Maertens et al. (2007); Maertens et al. (2008) and the references therein). We will
consider and discuss a new jumping scheme in which class-2 packets jump to the high priority,
class-1 queue, if there are no arrivals in the class-1 queue. Probability generating functions (pgfs)
are used for the analysis, pgfs of the system contents of the class-1 and class-2 queue and the pgf
of the delay of class-1 packet are derived. With the help of these pgfs higher moments can be
easily obtained. The mean delay for class-2 packet is also obtained.
The outline of the paper is as follows. In section 2, the queueing model under study is described.
In section 3, our focus is on the system contents and expressions for the pgf of the system
contents are derived. The packet delay is analyzed in section 4, and again the pgf of the packet
delay is obtained. In section 5, moments of the system contents and packet delay are calculated.
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In section 6, some numerical examples are given and discussed. Finally, the paper is concluded
in section 7.

2. Mathematical Model
We consider a discrete-time single-server queueing system with two queues having infinite
buffer space. Two types of traffic are arriving in the system; viz. packets of class-1 that are
stored in the first queue and packets of class-2 which are lined in the second. It is assumed that
the time is slotted, where 1 slot equals the transmission time of a packet. We denote the number
1, 2 . Both types of packet arrivals are assumed to
of arrivals of class-j during slot k by ,
be i.i.d. from slot-to-slot and are characterized by the joint probability mass function
,

≜

,

,

,

,
,

and joint probability generating function (pgf)
,

≜

,

∑∞ ,

,

,

,
.

We denote the total number of arriving packets during slot k by , ≜ ,
, and its pgf is
,
given as
≜
, . Further, we define the marginal pgf's of the number of
,
arrivals from class-1 and class-2 during a slot by
≜
, 1 and
≜
,
1, respectively. We furthermore denote the arrival rate of class1,2 by
′
′
′
′
1 and the total arrival rate by
1
1
1 . The system has one
server that provides the service of packets, at a rate of 1 packet per slot. It is assumed that the
system is stable, i.e.,
1.
Due to the priority scheduling mechanism, it is as if class 1 packets (the high priority packets)
are stored in front of class 2 packets (the low priority packets) in the queue. The low priority
queue is provided service only in the case of being empty of the high priority queue. Class-1
packets are assumed to have non-preemptive priority over class-2 packets, and within one class
the service discipline is FCFS. Since the priority scheduling is non-preemptive, service of a
packet will not be interrupted by newly arriving packets.
Finally, the system is influenced by the following jumping mechanism: at the end of each slot in
which a packet of class-1 queue is transmitted and in which class-2 packets arrive at the system,
the packet at the HOL-position of the low priority queue jumps to the high priority queue.

3. System Contents
Let us denote the system contents of class-j at the beginning of slot k by ,
1, 2 and the
total system contents at the beginning of the slot k by , . The joint pgf of , and ,
denoted by
,
and given by
,

≜

,

,
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The system contents of both types of packets can be obtained according to the following system
equations:
If

0, then

,

,

If

If

,

0, then

,

,

,
,

0;

,

,

,

, .

1

, ,

(3.1)

,

,

,

and if

1

,

(3.2)

0; then
,

1

,
,

,

,

,

,

,

(3.3)

where  denotes the maximum of the argument and zero. When the class 1 queue is empty at
the beginning of slot , a packet of class 2 queue (if any) is served during slot (3.1). When the
class 1 queue is non-empty at the beginning of the slot a packet of class 1 queue is served. In
the latter case, if ,
0, a class 2 i.e., low priority packet jumps at the end of slot to the class
1 i.e., high priority queue [Equations (3.2) and (3.3)]. Using the above system equations the
relationship between the joint pgf’s of the system contents at the slots and
1 is obtained as
follows:


,
,

The distribution of system contents, i.e.,
≜ lim
→

,
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, in the case of steady-state is defined as

.

Applying the limit in Equation (3.4), we get the following formula for
,

(3.4)

,

,

,
,

,
,

,

.

,

:
(3.5)

For determining the two unknown quantities, namely 0,
and 0, 0 , we use Rouche’s
theorem and the normalization condition respectively (see, for instance, Maertens et al. (2007);
Maertens et al. (2008); Walraevens et al. (2003) and the references therein) and finally obtains
the joint pgf of the system contents at the beginning of a random slot in the steady state:

https://digitalcommons.pvamu.edu/aam/vol9/iss1/1

4

Pandey and Pal: Non-Preemptive Priority Queue with Priority Jumps

AAM: Intern. J., Vol. 9, Issue 1 (June 2014)

5

,

,

,

,

,

,

,

,

,

,

(3.6)
with
≜

,

0,

.

(3.7)

,
and
of the total system contents and the system contents
The marginal pgfs
of class-j are obtained by putting appropriate values of and , which are given as follows:
≜ lim
≜ lim

,1

,

→

,
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,

→

(3.8)

,

(3.9)

≜
lim

,

1,

,

→

,

,

,
,

,

(3.10)
where the quantity

is obtained by using Equation (3.7).

4. Delay Analysis
The number of slots between the end point of the packet’s arrival slot and the end point of its
departure slot is defined as the packet delay. In other words it is the total amount of time that a
packet spends in the system. In this section, the pgf expression of the packet delay of class 1
packets will be derived. Since a jump of the packets of class 2 to class 1 takes place at the end of
the slot, the freshly arriving packets of class 1 are queued in front of packets that jump in the
same slot. As a consequence, the packet delay of a tagged class 1 packet only depends on the
system contents of queue 1 at the beginning of its arrival slot. This also means that the packet
delay of a tagged class 1 packet can be treated as if it is the only type of packet in the system
with only packets of class 1 arriving Bruneel & Kim (1993). Let the slot be assumed to be the
arrival slot of the tagged packet, the system contents of class 1 at the beginning of the slot be
denoted by , and the total number of class 1 packets that arrive during slot and which have
to be served before the tagged packet are defined and denoted by , . Then the amount of time a
tagged class 1 packet spends in the system is given by
,

1

,

1.

(4.1)

Indeed, the tagged class 1 packet has to wait in queue 1 until all packets that were already in this
queue at the moment of its arrival, are completely served. The number of these packets is
obviously determined by all packets that were already present in queue 1 at the beginning of its
arrival slot (potentially including class 2 packets which jumped to queue 1 before the tagged
packet arrived) and all class 1 packets that arrived before the tagged packet in its arrival slot. The
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delay then equals this waiting time augmented with the service time of a packet, which equals 1.
This leads to the above expression. Introducing pgf's yields
1

0 .

(4.2)

The fact that , and , are uncorrelated is used to obtain the above expression. The pgf of
i.e.,
can be calculated as in Bruneel and Kim (1993) and given by
.

,

(4.3)

Using expressions (3.9) and (4.3) in (4.2), we finally find the pgf of the packet delay of class-1
packets is given by
.

(4.4)

The analysis of the cell delay of a class-2 cell is more complicated. Consider a logically
equivalent queueing system where all high priority cells are stored in front of the class-2 cells,
and let us tag an arbitrary class-2 cell that arrives in the system. If k be the arrival slot of a tagged
type 2 packet, , be the total system contents at the beginning of the slot , and , and , be
the number of class 1 and class 2 packets which arrive during the slot , but have to be served
before the tagged packet then the total number of slots that a tagged type 2 packet spends in the
system can give as
1

,

,

,

1,

(4.5)

where being the number of type 1 packets which arrive during the slots following the tagged
packet’s arrival slot and due to the priority scheme these have to be served before the tagged one.
We can calculate the packet delay of class 2 packets inspite of being complicated to obtain an
explicit expression for its pgf. The expression for packet delay of the class 2 packets is obtained
in the next section.

5. Calculation of Moments
For calculating the moments of the system contents and packet delays we will require the
derivatives of the function
, defined in sections 3, for
1. These can be easily calculated
1 is given by
in closed-form and the first derivative of
, at
1, i.e.,
.

1
Let us define λ , and λ
,

(5.1)
as

,
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and
,
with ,
1, 2. Now the mean value of the system contents and mean packet delay of class 1 can
be calculated by taking the first derivative of the respective pgf’s for
1. We find
0

1

,

(5.2)

and
1

1

0

.

(5.3)

The mean value of the system contents of class 2,
, can also be calculated by taking the
first derivative of the respective pgf for
1 and also by using the following relation:
,
where
of

for

(5.4)

is the mean total system contents which can be obtained by taking first derivative
1 and is given by
.

(5.5)

The mean packet delay of class 2 packets can be obtained by using the relation proposed in
Maertens et al. (2008) and is given by
.
As the values of
.

and

(5.6)
are already calculated, hence we can calculate the value of

6. Numerical Example
In this section, the results obtained in the previous sections, are applied to an output-queueing
switch having inlets and outlets, see in Walraevens et al. (2003). Two types of traffic are
assumed: class 1traffic which is delay-sensitive (e.g., video, voice etc.) and class 2 traffic that is
assumed to be delay-insensitive (e.g., data). The inlet packet arrivals are generated by i.i.d.
Bernoulli processes with arrival rate . An arriving packet is assumed to be of class
1,2
with probability ⁄
. We assume the traffic of the two classes is arriving
according to a two-dimensional binomial process. The joint pgf of the arriving traffic,
, ,
is given by:
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,

1

1

1

.

(6.1)

It is also
o noticed thaat if → ∞,
∞ the arrival process is supposed tto be a supeerposition off two
Poisson variates.
v
Thee fraction off class-1 arriv
vals in the ooverall traffic mix is deffined and dennoted
⁄ ). The rem
by (i.e.,
maining partt of this secction is anallyzed by takking
16
6 and
assuming
g that the serrvice times for
f both classses are deterrministic.
In Figuree 1 the mean
n value of th
he system co
ontents of cllass-1 and cclass-2 packeets is shownn as a
function of the total arrival rate,, when
0.25,
0
0.50 annd 0.75 resppectively. Onne can easilly see
the influeence of priority schedulling: the meaan of the nuumber of claass-1 packetss in the systeem is
severely reduced by
y the HOL priority sch
heduling; thhe opposite holds for class-2 cellls. In
addition, it also beco
omes apparen
nt that increasing the fraaction of higgh priority ceells in the ovverall
mount of hig
gh priority traffic
t
whilee decreasingg the amounnt of low priority
mix increases the am
traffic in
n the bufferr. Finally, itt is also cleear that the impact of priority schheduling is more
importan
nt if the load is high.

Fig
gure 1: Mean value
v
of system
m contents ve rsus the total arrival rate.

m
value of the packeet delay as a function of the total looad for  = 0.25,
Figure 2 shows the mean
0.50 and
d 0.75. To co
ompare with
h FIFO scheeduling, we have also shown the m
mean value oof the
packet delay
d
in that case. The packet
p
delay
y in this caase for classs-1 and class-2 packets is of
course eq
qual and can
n be easily calculated
c
as if there is only one cllass arrivingg according to an
arrival prrocess with pgf
p
, which
w
is a sp
pecial case oof the arrivall process (Eqquation 6.1).. This
has alreaady been analyzed, e.g.,, in Bruneell et al. (19992) for the sspecial case of a multisserver
output-qu
ueueing switch. It can be
b observed that the inffluence of H
HOL non-preeemptive priority
schedulin
ng with prio
ority jumps is quite larrge. Mean ddelay and deelay-jitter off class-2 paackets
reduces considerably
c
y compared to
t FIFO scheduling. Thee price to paay is of courrse a bigger m
mean
delay and
d delay-jitteer for class-1
1 packets. In
n the case off delay insennsitive traffi
fic, this is noot too
big a pro
oblem. It can
n also be obsserved from these figurees that the delay of highh and low priority
packets increases witth increasing
g the fraction
n of high priiority packetts in the overrall traffic m
mix.
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Fiigure 2: Mean
n value of pack
ket delays verssus the total aarrival rate.

The meaan value of th
he system contents of both
b
classes are plotted vversus α forr λT = 0.3 annd 0.6
which arre shown in Figure 3. The mean value of the cllass-1 system
m contents iincrease witth the
fraction of
o class-1 paackets in thee traffic mix
x, while the oopposite casse is seen foor the mean vvalue
of the claass-2 system
m contents. Itt is clear fro
om the figuree that the diffference betw
ween class-1 and
class-2 system conteents for diffferent valuess of α is larrge when thee load is higgh. The mean of
class-1 sy
ystem conteents can be larger
l
than the mean of the class-2 system conttents for thee high
value of α. This is du
ue to the facct that most of the arriviing packets are of class--1 for high α and
ping scheme which resullts in the buiilding of the class-1 queuue than the cclassalso becaause of jump
2 queue (although cllass-1 cells are served with
w priorityy). There aree only class-1 packets iin the
most extrreme case is when α = 1, which meaans that the cclass-2 buffeer stays emptty.

Figure 3:
3 Mean valuee of system con
ntents versus the fraction oof class-1 arrivvals.

phs for mean
n system con
ntents of claass-1 and claass-2 packetts versus thee total arrivaal rate
The grap
are plotteed in Figuree 4 for
0.25
0
and N = 2, 4, 16 annd ∞. It is cclear from thhis figure thaat the
output qu
ueueing swiitch plays a considerablle role in thhe mean system contentts. Especiallly the
mean claass-2 system
m contents in
ncreases con
nsiderably w
when N incrreases. Alsoo in Figure 5 the
mean claass-1 and claass-2 packet delays are plotted
p
versuus the total aarrival rate ffor
0.25
5 and
N = 2, 4, 16 and ∞. Similar
S
concllusions as fo
or the mean ssystem conteents can be ddrawn.
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Figure 4: Influence of output
o
queueiing switch of arrival
a
processs on the mean
n system conteents for

5 Influence off output queueing switch off arrival proceess on the meaan packet delaay for
Figure 5:

0
0.25.

0.25.

7. Sum
mmary and
d Conclussions
In this paaper, we anaalyzed the sy
ystem conten
nts in a queuueing system
m with non--preemptive HOL
priority scheduling.
s
A generatin
ng-functionss-approach w
was adoptedd, which ledd to closed--form
expressio
ons of perforrmance measures, such as
a mean of ssystem conteents and paccket delay off both
classes, which
w
are eaasy to evaluaate. The mod
del included possible corrrelation bettween the nuumber
of arrivalls of the two
o classes durring a slot and general sservice timess for packets of both claasses.
Therefore, the resultss could be ussed to analyzze performaance of an ouutput-queueiing switch haaving
Bernoulli arrivals an
nd dynamiccally prioritiized. Finallyy, the effect of jumpinng mechanissm is
d which clearrly shows th
hat the queueeing system provides beetter results w
when the fraaction
analyzed
of class-1
1 arrivals in the overall traffic
t
mix iss small.
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